Introduction
In this past decade, there have appeared a num ber of dynamical theories of diffraction for imper fect crystals. These theories can be grouped into three categories; namely the ray (classical particle) theory, the wave theory and the quantum theory. Penning and Polder 1, Kato 2, Bonse 3 and Kambe 4 developed the ray theory, while the wave theory was derived by Takagi 5 and Taupin 6 in a phenomeno logical approach from the traditional Ewald-LaueBethe dynamical diffraction theory for perfect crys tals. The quantum theory was formulated by Ashkin, Miyakawa and Kuriyama 7' 8 . In contrast to the two former theories, the quantum theory is capable of dealing with the dual property of particles such as photons and electrons.
It is rather interesting to learn from the history of quantum physics that the necessity and motiva tion for the development of these three theories re semble those found in the development of quantum physics. Therefore, it should not be surprising if the relationship among these three theories turns out to be very much similar to the well-known relations among Newtonian physics, de Broglie's wave me chanics and quantum physics.
A major complication in the dynamical diffrac tion problem for imperfect crystals is caused by the lack of periodic spatial translational invariance in the dynamic system of interest. Unlike dynamical diffraction in perfect crystals, there is no easy way to reduce the number of degrees of freedom which the dynamic system possesses for an imperfect crys tal. The number of degrees of freedom in this sys tem is equal to the number of atoms in the imperfect crystal; more precisely, the number of different dis placements of the atoms comprising the crystal. In such a dynamic system, the equation of motion for scattered particles (or beams) consists of a set of many interacting equations, the number of which equals the number of degrees of freedom of this system. In other words, diffraction in the imperfect crystal is the consequence of interactions between many beams existing simultaneously. In reality, this implies that the diffracted beams (including the transmitted direction) exhibit line broadening around the propagation directions expected for a perfect crystal. Therefore, solving dynamical dif fraction problems for imperfect crystals creates the same difficulty as solving many body problems fa miliar in solid state physics.
Since various techniques have been developed for solving many body problems in modern physics, it is best to formulate a dynamical diffraction theory for imperfect crystals in a method commonly used in contemporary physics. Such an approach has produced the quantum theory mentioned previously.
The principle of approaching a single many-body problem is to reduce the problem to many singlebody problems. In so doing, a single-body problem may turn out to be a tractable physical problem of a fictitious body (or particle). This is the method of normal coordinates in classical mechanics, and is known as second quantization in quantum mechan ics, or the canonical transformation in the manybody problem.
In a previous paper8 (Paper II), we have de monstrated that the quantum theory reduces to the wave theory if we accept a certain set of approxi mations. The objective of this paper, therefore, is to study the relation between the quantum theory and the ray theory.
The Scattering Amplitude for Topography
In the scattering formalism of modern quantum mechanics, one deals with the exact quantum states of the system composed of the incoming particles and the scatterers. These states are called Heisen berg states which are given by the exact solution of the Schrödinger equation for the total Hamiltonian of the system. Dynamical variables such as field operators, therefore, obey the Heisenberg equation of motion. Before the incoming particles strike the scatterers, the exact Heisenberg state is called the in state, which implies that the incoming particles are free and the scatterers (electrons in the crystal) occup energy levels below the Fermi energy. This condition for the scatterers defines the ground state of the crystal. After the particles are scattered out of the crystal, one can define an out state in a simi lar fashion. The out state represents the Heisenberg state in which the scattered particles are again free and the crystal has returned to its ground state.
When the crystal diffracts the incoming particles and a detector receives the scattered particles, the state of the system changes from the in state to the out state. Therefore, there is a quantum transition from the in state to the out state associated with the diffraction phenomenon7-9. The scattering ampli tude of the system that is equivalent to the diffract ed amplitude of the outgoing particles is, in terms of the in to out transition, given 8 by
where the incoming particles of momentum k strike the crystal in its ground state at position R and the particles come out at position R ' with momentum k ' leaving the crystal in its ground state. The func tion A describes the momentum and the energy dis tribution of the incoming particles, and A* is a function which characterizes the momentum and en ergy response of a detector. The quantity S { p ',p ) is the scattering matrix element of the crystal.
The scattering amplitude has been derived in a compact form in Paper I 8:
2) I2 < 3 (P t + J t + q t -P t ') [ S ] 2 5 , i J where the subscripts t and z designate the tangential and normal components of a vector relative to the crystal surface. The S matrix is a super matrix, i. e., a matrix of matrices. The (I, J ) element of a super matrix is given by a matrix whose element are spe cified by (q, q '). In this notation, a super matrix S is written [S]/5 'J • Expressing the matrix as a super matrix makes it possible to identify the subscript, 1 or J, with a reciprocal lattice vector defined for the perfect reference crystal. The perfect reference crystal is an imaginary crystal in which all atoms of a given type are located at ideally periodic lattice sites. Consequently, the superscript, q or q', de scribes the deviation of the out-going particles from ideal Bragg diffraction directions.
The matrix S satisfies the dynamical diffraction equation as shown in Paper I I :
with the initial condition S(0) =1. In this equation, the only independent variable is o /, which is a mathematical coordinate along the propagation di rection. The propagation direction of the transmit ted beam is specified by / = 0, and that of the Kdiffracted beam by / = K. The quantity M is related to the generalized po larizability of an imperfect crystal and also contains the kinetic energy term, as described in detail in Paper II.
One of the practical applications of dynamical diffraction is topography of imperfections within crystals. In this application, one observes the dif fracted intensity distribution at the crystal surface where most of diffracted beams emerge. In the Laue geometry, this surface is called the exit surface.
For topography, one is not terribly concerned about the angular distribution of the out-going beams, except for their general Bragg diffraction directions, for example, a transmitted direction and an H-Bragg diffraction direction. This condition allows us to introduce the following spectral distri bution functions, A and A*, desrcibed in Paper II: This implies that the geometrical resolution for the momenta of scattered particles is insufficient to re solve individual scattered beams around a diffrac tion spot. If we specify the momentum of the out-going par ticle under observation by One can always set qy equal to zero or replace qF by a distribution of q s if one wishes (see Paper II).
In diffraction spectroscopy where the precise mo mentum distribution of the scattered particles should be determined as well, the scattering amplitude for topography (2.7) is merely an approximation to the true one. Care must also be taken with the topo graphs taken at some distance from the exit surface of a crystal containing many severe imperfections, because of a geometrical enhancement of the broad ened beam.
A Canonical Transformation (the Ray Theory)
To obtain the scattering amplitude for topography (2.7), the matrix S is needed. Therefore, solving the dynamical diffraction problem is now equivalent to solving Equation (2.3) . A possible way of handl ing Eq. (2.3) has been presented in Paper II, in which the equation is replaced by a set of local dif ferential equations accompanied by an assumption of a local condition. This local condition has led to the concept of local reciprocal lattice vectors. Paper II has thus reconstructed the wave theory from the generalized scattering theory (the quantum theory).
In this section a different approach will be dis cussed. But first, suppose that the matrix M in Eq. (2.3) is diagonalized. Then this equation can be re presented by a set of differential equations, each of which can be solved independently. Unfortunately, the matrix M does not have such a simple form.
Let us introduce a unitary transformation which transforms S to S, S (a K)= e x p { iW (a K)}S(aK ), (3.1) where, for the sake of simplicity, the matrix W is assumed to be a diagonal matrix,
Then Eq. (2.3) takes the form dS (oK)/doK = * K (oK) S (oK) , (3.3) where
The next task is to find the condition on WQ that renders K diagonal. In order to diagonalize K, one usually sets up the secular equation for K:
Suppose that Eq. (3.5 a) is solved with respect to the i's ; then one can write Eq. (3.5 a) in the equi valent form
where we have introduced an extra arbitrary vari able t, and (d/dox) has been replaced by (3/3 since oK is no longer a single independent variable in this expression. Equation (3.5 b) is a differential equation for Wq , through which the canonical trans formation (3.1) makes K diagonal. Before proceeding, we should remember that the dynamical diffraction Eq. (2.3) is merely a mathe matical equation which has been devised to calculate the matrix elements of S in the scattering amplitude. Hence, the oK has been merely a mathematical vari able and has not been given any physical meaning (see Paper II). The natural next step is to see if we can give a physical meaning to it in a formal way. In any physical system, there always are two sets of basic variables such as the coordinates and their canonically conjugate momenta (or the field opera tors and their conjugate) which describe motion of a physical particle (or determine the entire field). In this sense, if we can identify ör as, say, a coordi nate, then we can consider that solving Eq. (2.3) is equivalent to solving for the motion of a "fictiti ous" particle (a quasi-particle) whose coordinate Gk and its conjugate momentum satisfy some equation of motion.
Let us define the following function using the function H in (3.5 b) :
It is imperative, if oK is to be the coordinate relat ing to the motion of a quasi-particle, that the varia tional principle apply to a function such as L. Let us apply the principle to L :
Then using partial integration and setting the varia tions ^ök(^o) and equal to zero, we obtain (3 oK dt = 0 . (3.8) This has to be identically zero regardless of the variations d (d W jd o K) and SoK . We, therefore, obtain (3.9) These are Hamilton's canonical equations if the variable d W jdok is identified as the momentum canonically conjugate to ök . It is therefore concluded that, when the canonical transformation (3.1) assumes its convenient form for our problem, it leads to the concept of quasiparticles whose coordinates and momenta are given by oK and dWq/doK, respectively. Within this con text, the functions, H, L and W, are, in effect, the Hamiltonian, the Lagrangian and Hamilton's prin cipal function (Eikonal) for the quasi-particles, re spectively. And Eq. (3.5 b) is, then, the HamiltonJacobi equation for the quasi-particles.
We have so far demonstrated that the calculation of the dynamical scattering amplitude can be simu lated by the motion of the quasi-particles (rays) which satisfies the equation of motion given by Equation (3.9) . Along the paths (trajectories) of these particles, Eq. (3.3) becomes diagonal. We have therefore created the ray theory from the quan tum theory.
Discussion
The discussion in the previous section was rather formal and general. Emphasis was placed on the theoretical relation between the ray theory and a general dynamical scattering theory. Practical me thods of solving Eq. (3.3) with the proper form of the canonical transformation have deliberately not been discussed. Ideally speaking, once one finds the trajectories of quasi-particles with different gr's by solving Hamilton's canonical Eq. (3.9), one should solve Eq. (3.3) with a diagonal matrix K along each trajectory corresponding to different q's. Then, knowing the explicit form of the canonical transformation, one can transform S back to S to obtain the desired scattering amplitude for topo graphy (2.7) by integrating over different <7's. Truthfully, this approach is just as difficult as solv ing the dynamical diffraction Eq. (2.3) by direct methods. However, the discussion in Section 3 has served the purpose of understanding the rigorous formulation of dynamical scattering in terms of classical concepts of diffracted ray trajectories.
Naturally there is a problem associated with practical benefits and limitations of the ray theory. In order to demonstrate it, we consider as an ex ample the traditional two-wave (beam) approxima tion for an imperfect crystal. It should be noted here that this approximation when applied to im perfect crystals is no longer of a dynamical nature in the strict sense; only pairs of many possible beams in the crystal can be treated dynamically. In other words, the fe-beam and the k + H + Q-beam with a specific q interact dynamically, while the
